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The present paper prescribes upper limits for oscillatory motions of neutral or
growing amplitude in thermohaline conﬁgurations of G. Veronis (1965, J. Mar. Res.
23, 1) and M. E. Stern (1960, Tellus 12, 172) types in such a way that it also results
in sufﬁcient conditions of stability for an initially top-heavy as well as an initially
bottom-heavy conﬁguration. Furthermore, the characterization theorem of Mihir B.
Banerjee, J. R. Gupta, and Jyoti Prakash, (1993, J. Math. Anal. Appl. 179, 327) for
Veronis’ thermohaline conﬁguration follows as a consequence.  2001 Elsevier Science
1. INTRODUCTION
Thermohaline convection or, more generally, double diffusive convection
has matured into a subject possessing fundamental departures from its clas-
sical counterpart, namely, single diffusive convection, and is of direct rel-
evance to the ﬁelds of limnology, oceanography, geophysics, astrophysics,
chemical engineering, etc. The various applications of the problem have
aroused the interest of many research workers, and this has led to numer-
ous research papers in various journals in the recent past. For a broad view
of the subject one may be referred to Brandt and Fernando [1]. Two fun-
damental conﬁgurations have been studied in the context of the thermoha-
line instability problem, one by Stern [2], wherein the temperature gradient
is stabilizing and the concentration gradient is destabilizing, and another
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by Veronis [3], wherein the temperature gradient is destabilizing and the
concentration gradient is stabilizing. The main results derived by Stern and
Veronis for their respective conﬁgurations are that both allow the occur-
rence of a steady motion or an oscillatory motion of growing amplitude,
provided the destabilizing concentration gradient or the temperature gra-
dient is sufﬁciently large. However, steady motion is the preferred mode of
onset of instability in the case of Stern’s conﬁguration, whereas oscillatory
motions of growing amplitude are preferred in Veronis’s conﬁguration. Fur-
thermore, these results are independent of the initially gravitationally stable
or unstable character of the two conﬁgurations. It is important to note here
that Veronis’s work is restricted to dynamically free boundaries, whereas
Stern’s work assumes the “principle of exchange of stabilities.” Keeping in
view the foregoing discussion, thermohaline conﬁgurations of Veronis and
Stern types can therefore be further classiﬁed into the following two classes:
(i) the ﬁrst class, in which thermohaline instability manifests itself
when the total density ﬁeld is initially bottom heavy, and
(ii) the second class, in which thermohaline instability manifests itself
when the total density ﬁeld is initially top heavy.
Banerjee et al. [4] derived a characterization theorem for the nonexistence
of oscillatory motions of growing amplitude in an initially bottom-heavy
conﬁguration of Veronis type and have left open the possibility for the
derivation of analogous theorems for
(i) an initially top-heavy conﬁguration of Veronis type and
(ii) an initially top-heavy or a bottom-heavy conﬁguration of Stern
type.
Furthermore, when the complement of the sufﬁcient condition contained
in the characterization theorem of Banerjee et al. holds good, oscillatory
motions of neutral or growing amplitude can exist, and therefore it is impor-
tant to derive bounds for the complex growth rate of such motions when
both of the boundaries are not dynamically free, since then exact solutions
of the problem in closed form are not obtainable. The aim of the present
paper is to prescribe upper limits for oscillatory motions of neutral or grow-
ing amplitude in thermohaline conﬁgurations of Veronis and Stern types in
such a way that it also results in sufﬁcient conditions of stability for an
initially top-heavy or an initially bottom-heavy conﬁguration.
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2. THE PHYSICAL CONFIGURATION AND THE BASIC
EQUATIONS GOVERNING THERMOHALINE CONVECTION
A viscous, quasi-incompressible (Boussinesq) ﬂuid of inﬁnite horizon-
tal extension and ﬁnite vertical depth is statically conﬁned between two
horizontal boundaries z = 0 and z = d which are respectively maintained at
uniform temperatures T0 and T1 and concentrations C0 and C1. We mathe-
matically analyze the onset of hydrodynamic instability in the system under
the force ﬁeld of gravity when the temperature and concentration make
opposing contributions (i.e., when either T0 > T1 and C0 > C1 or T0 < T1
and C0 < C1) to the vertical density gradient ρ = ρ01 + αT0 − T  +
α′C0 − C = ρ01 + αβz + α′β′z, where α is the coefﬁcient of thermal
expansion, α′ is the analogous concentration coefﬁcient, β = T0 − T1/d
is the maintained uniform temperature gradient, and β′ = C0 − C1/d is
the maintained uniform concentration gradient.
Following the usual steps of linear stability theory, the nondimensional
linearized perturbation equations governing the physical conﬁguration
described in the foregoing paragraph may be put in the forms (compare
Yih [5], wherein T0 < T1 and C0 < C1)
D2 − a2
(
D2 − a2 − p
σ
)
w = a2θ−sa2φ (1)
D2 − a2 − pθ = −w (2)(
D2 − a2 − p
τ
)
φ = −w
τ
(3)
together with the boundary conditions
w = 0 = θ = φ = D2w at z = 0 and z = 1 (4)
(both boundaries dynamically free) or
w = 0 = θ = φ = Dw at z = 0 and z = 1 (5)
(both boundaries rigid) or
w = 0 = θ = φ = Dw at z = 0 and
w = 0 = θ = φ = D2w at z = 1 (6)
(lower boundary rigid and upper boundary dynamically free) or
w = 0 = θ = φ = D2w at z = 0 and
w = 0 = θ = φ = Dw at z = 1 (7)
(lower boundary dynamically free and upper boundary rigid).
thermohaline convection revisited 401
In the above equations D = d/dz; z is the vertical coordinate 0 ≤ z ≤
1
w θ, and φ respectively denote the perturbed velocity, temperature, and
concentration and are complex valued functions of the vertical coordinate
z only; p = pr + ipi is the growth rate; σ = ν/κ is the thermal Prandtl
number with ν as the kinematic viscosity and κ as the thermal diffusivity;
τ = κ′/κ is the Lewis number with κ′ as the mass diffusivity;  = gαβd4/κν
is the thermal Rayleigh number with g as the gravitational constant; and
s = gα′β′d4/κν is the concentration Rayleigh number.
3. MATHEMATICAL ANALYSIS
The system of Eqs. (1)–(3), together with either of the boundary condi-
tions (4)–(7), constitutes an eigenvalue problem for p for given values of
the other parameters, namely, a2 σs, and τ, and a given state of the
system is stable, neutral, or unstable, depending on whether pr is negative,
zero, or positive. Furthermore,
(a) pr ≥ 0 and pi = 0 describe oscillatory motions of neutral or grow-
ing amplitude;
(b)  > 0 and s > 0 describe Veronis’ thermohaline conﬁguration;
(c)  < 0 and s < 0 describe Stern’s thermohaline conﬁguration;
(d) λ = /s ≤ 1 describes an initially bottom-heavy conﬁguration;
and
(e) λ ≥ 1 describes an initially top-heavy conﬁguration.
Finally, if pr ≥ 0 ⇒ pi = 0 (or, equivalently, pi = 0 ⇒ pr < 0), ∀ a2,
then for neutral stability (pr = 0) p = 0. This is called the principle of
exchange of stabilities (Yih [5]). The establishment of this principle results
in the elimination of unsteady terms, in a certain class of stability prob-
lems, from the governing linearized perturbation equations. This leads to
notable mathematical simpliﬁcation since the transition from stability to
instability occurs via a marginal stationary state characterized by p = 0.
Furthermore, by setting p = 0, the original evolution problem for the per-
turbations reduces to an eigenvalue problem for the Rayleigh number or
any other relevant parameter of interest.
We now prove the following theorems:
Theorem 1. If pw θφ p = pr + ipi pr ≥ 0 pi = 0 is a nontrivial
solution of Eqs. (1)–(3) together with one of the boundary conditions (4)–(7)
and  > 0s > 0, then
p < λsσ
4τ + σπ2
√
2 − 1
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where  = 4λsσ/27π4τ + σ and λ = /s.
Proof. Multiplying (1) by w∗/s (w∗ is the complex conjugate of w)
throughout, integrating the resulting equation over the vertical range of z,
and utilizing (2) and (3), we get
1
s
∫ 1
0
w∗D2−a2
(
D2−a2− p
σ
)
w dz+λa2
∫ 1
0
θD2−a2−p∗θ∗ dz
−τa2
∫ 1
0
φ
(
D2−a2−p
∗
τ
)
φ∗ dz=0 (8)
Subsequently, for convenience, we will omit the limits of integration from
the integral sign and dz from the integrand.
Integrating the various terms of (8) by parts for an appropriate number
of times and using one of the boundary conditions (4)–(7), we get
1
s
∫ [D2w2 + 2a2Dw2 + a4w2]+ p
sσ
∫ [Dw2 + a2w2]
+τa2
∫ [
Dφ2 +
[
a2 + p
∗
τ
]
φ2
]
−λa2
∫ [Dθ2 + a2 + p∗θ2] = 0 (9)
Equating the real and imaginary parts of (9) to zero and canceling pi= 0
throughout from the imaginary part, we have
1
s
∫ [D2w2 + 2a2Dw2 + a4w2]+ pr
sσ
∫ [Dw2 + a2w2]
+τa2
∫ [Dφ2 + a2φ2]− λa2 ∫ [Dθ2 + a2θ2]
−a2pr
{
λ
∫
θ2 −
∫
φ2
}
= 0 (10)
and
1
sσ
∫ [Dw2 + a2w2]+ a2[λ ∫ θ2 − ∫ φ2] = 0 (11)
Multiplying (11) by pr and adding the resulting equation to (10), we have
1
s
∫ [D2w2 + 2a2Dw2 + a4w2]+ 2pr
sσ
∫ [Dw2 + a2w2]
+τa2
∫ [Dφ2 + a2φ2]− λa2 ∫ [Dθ2 + a2θ2] = 0 (12)
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Equation (11) implies that
a2
∫
φ2 ≥ 1
sσ
∫ (Dw2 + a2w2) (13)
Also, since w θ, and φ vanish at z = 0 and z = 1, the Rayleigh–Ritz
inequality [6] yields ∫
Dw2 ≥ π2
∫
w2 (14)∫
Dθ2 ≥ π2
∫
θ2 (15)∫
Dφ2 ≥ π2
∫
φ2 (16)
Combining inequalities (13) and (14), we have
a2
∫
φ2 ≥ π
2 + a2
sσ
∫
w2 (17)
which, in particular, also implies that∫
φ2 ≥ 1
sσ
∫
w2 (18)
and
a2
∫
φ2 ≥ π
2
sσ
∫
w2 (19)
Furthermore, utilizing the Schwartz inequality, we have(∫
w2
)1/2(∫
D2w2
)1/2
≥
∣∣∣∣− ∫ w∗D2w
∣∣∣∣ = ∫ Dw2
≥ π2
∫
w2 using 14
Consequently, ∫
D2w2 ≥ π4
∫
w2 (20)
This together with inequality (14) gives∫
D2w2 + 2a2Dw2 + a4w2 ≥ π2 + a22
∫
w2 (21)
Furthermore, (2) implies that∫
w2 =
∫
ww∗ =
∫ [D2 − a2θ− pθ] [D2 − a2θ∗ − p∗θ∗]
=
∫
D2 − a2θ2 + 2pr
∫
Dθ2 + a2θ2 + p2
∫
θ2 (22)
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Since pr ≥ 0, it therefore follows from (22) that∫
w2 ≥
∫
D2 − a2θ2 + p2
∫
θ2 (23)
and ∫
w2 >
∫
D2 − a2θ2 (24)
Also, emulating the derivation of inequality (21), we have∫
D2 − a2θ2 =
∫
D2θ2 + 2a2Dθ2 + a4θ2
≥ π2 + a22
∫
θ2 (25)
Combining inequalities (23) and (25), we have∫
w2 ≥ π2 + a22 + p2
∫
θ2 (26)
Again,
∫
w2=
(∫
w2
)1/2(∫
w2
)1/2
>π2+a2
{
1+ p
2
π2+a22
}1/2
×
(∫
D2−a2θ2
)1/2(∫
θ2
)1/2
using (24) and (26)
≥π2+a2
{
1+ p
2
π2+a22
}1/2
×−
∫
θ∗D2−a2θ  using the Schwartz inequality 
=π2+a2
{
1+ p
2
π2+a22
}1/2∫
Dθ2+a2θ2 (27)
Using inequality (21) in the ﬁrst integral, inequality (16) and then (17) in
the third integral, and inequality (27) in the last integral of (12) and utilizing
the fact that pr ≥ 0, we get
π2 + a22τ + σ
sσ
− λa
2
π2 + a2
{
1+ p2π2+a22
}1/2

∫ w2 < 0 (28)
Inequality (28) clearly implies that we must have
π2 + a23τ + σ
a2sσ
{
1+ p
2
π2 + a22
}1/2
< λ (29)
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Since the minimum value of π2 + a23/a2 with respect to a2 is 27π4/4, it
follows from inequality (29) that
p < π2 + a2
√
2 − 1 (30)
where  = 4λsσ/27π4τ + σ = 4σ/27π4τ + σ.
Since pr ≥ 0, it therefore follows from (12) that
1
s
∫
D2w2 + 2a2Dw2 + a4w2 + τa2
∫
Dφ2 + a2φ2
≤ λa2
∫
Dθ2 + a2θ2
which upon using inequalities (16), (21), and (27), gives
π2 + a23
a2
τ + σ
σ
< sλ (31)
Since the minimum value of π2 + a22/a2 with respect to a2 is 4π2, it
therefore follows from inequality (31) that
π2 + a2 < λsσ
4π2τ + σ  (32)
Combining inequalities (30) and (32), we get
p < λsσ
4π2τ + σ
√
2 − 1
This completes the proof of the theorem.
Theorem 1, from a point of view of hydrodynamic stability theory, may
be stated as follows: the complex growth rate p = pr + ipi of an arbitrary
oscillatory (pi = 0) perturbation of growing amplitude pr ≥ 0, in a ther-
mohaline instability of Veronis type, lies inside a semicircle in the right
half of the prpi plane whose center is at the origin and whose radius is
λsσ/4π2τ + σ ·
√
2 − 1 = σ/4π2τ + σ · √2 − 1. This result
is uniformly valid for
(i) the quite general nature of boundaries and
(ii) an initially top-heavy λ ≥ 1 as well as an initially bottom-heavy
(λ ≤ 1) conﬁguration.
Corollary 1. If pw θφ p = pr + ipi pi = 0, is a nontrivial solu-
tion of Eqs. (1)–(3), together with one of the boundary conditions (4)–(7) and
 > 0s > 0, and λ ≤ 27π
4
4s
1+ τ
σ
, then pr < 0.
Proof. Follows from Theorem 1.
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Corollary 1 implies that oscillatory motions of neutral or growing ampli-
tude are not allowed in a thermohaline instability of Veronis type if the ini-
tial stability parameter λ does not exceed the value 27π4/4s1+ τ/σ.
Furthermore, this result is uniformly valid for
(i) the quite general nature of boundaries and
(ii) an initially top-heavy (λ ≥ 1) as well as an initially bottom-heavy
λ ≤ 1 conﬁguration.
Remarks. The following remarks now deserve attention:
(a) If 0 <  ≤ s ≤ 27π4/4 · 1 + τ/σ and pi = 0, then Corol-
lary 1 implies that pr < 0. This result is the characterization theorem of
Banerjee et al. [4], which we see is built into our characterization Corollary
1. Furthermore,
(b) Even when 0 <  ≤ 27π4/41 + τ/σ < s and pi = 0,
Corollary 1 implies that pr < 0, a new result that obviously cannot be
averred from the characterization theorem of Banerjee et al. [4].
The above remarks thus clearly and unequivocally establish the generality
of the results derived herein.
Theorem 2. If pw θφ p = pr + ipi pr ≥ 0 pi = 0, is a nontrivial
solution of Eqs. (1)–(3), together with one of the boundary conditions (4)–(7)
and  < 0s < 0, then
p < λˆσ
4π21+ σ
√
̂2 − 1
where
̂ = 4λˆσ
27π4τ1+ σ and λˆ =
s
 
Proof. Replacing  and s with − and −s, respectively, in Eqs.
(1)–(3) and proceeding exactly as in Theorem 1, we get the desired result.
Corollary 2. If pw θφ p = pr + ipi pi = 0, is a nontrivial solu-
tion of Eqs. (1)–(3), together with one of the boundary conditions (4)–(7) and
 < 0s < 0, and λˆ ≤ 27π4τ/4σ1+ 1/σ, then pr < 0.
Proof. Follows from Theorem 2.
The essential contents of Theorem 2 and Corollary 2 from the point
of view of hydrodynamic stability are similar to those of Theorem 1 and
Corollary 1. However, now they pertain to a thermohaline instability of the
Stern type. Furthermore remarks similar to Corollary 1 hold here also. To
be speciﬁc, Corollary 2 implies that
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(a) If 0 < s ≤  ≤ 27π4τ/41+ 1/σ and pi = 0, then pr < 0,
a more general result than that following from Theorem 2 of Banerjee et al.
[7] for the present problem.
(b) Even when 0 < s ≤ 27π4τ/41 + 1/σ <  and pi = 0,
pr < 0 , a new result with a verbatim commentary after the result described
in Remark (b) following Corollary 1.
ACKNOWLEDGMENT
We thank the learned referee for his perspicacious comments.
REFERENCES
1. A. Brandt and H. J. S. Fernando, “Double Diffusive Convection.” Am. Geophys. Union,
Washington, DC, 1996.
2. M. E. Stern, The salt fountain and thermohaline convection, Tellus 12 (1960), 172–175.
3. G. Veronis, On ﬁnite amplitude instability in thermohaline convection, J. Mar. Res. 23
(1965), 1–17.
4. M. B. Banerjee, J. R. Gupta, and Jyoti Prakash, On thermohaline convection of Veronis
type, J. Math. Anal. Appl. 179 (1993), 327–334.
5. C. S. Yih, “Stratiﬁed Flows,” Chap. 4, Academic Press, San Diego, 1980.
6. M. H. Schultz, “Spline Analysis,” Prentice-Hall, Englewood Cliffs, NJ, 1973.
7. Mihir B. Banerjee, R. G. Shandil, Prem Lal, and Vinay Kanwar, A mathematical theorem
in rotatory thermohaline convection, J. Math. Anal. Appl. 189 (1995), 351–361.
